Abstract: Cossette, Marceau and Perreault [Insurance: Mathematics and Economics, 64, 2015, 214-224] derived formulas for aggregation and capital allocation based on risks following two bivariate exponential distributions. Here, we derive formulas for aggregation and capital allocation for thirty six mostly commonly known families of bivariate distributions. This collection of formulas could be a useful reference for financial risk management.
Introduction
Results related to the sum of dependent risks are of interest in the calculation of the overall capital charge for a portfolio of risks, the evaluation and analysis of risk measures for decision making, and strategic planning require the knowledge of the cumulative distribution function of the sum of dependent random variables (Cossette et al., 2015) . Risk measures like Value at Risk and Tail-Value at Risk can be used for these purposes.
In recent years, several closed form expressions for the distribution of aggregate risks, its TVaR and TVaR based allocations have been developed, based on an allocation method due to Tasche (1999) . These expressions are based on a given joint distribution between the components of a portfolio. The joint distributions considered so far are the: multivariate normal distribution (Panjer, 2002) ; multivariate elliptical distributions (Landsman and Valdez, 2003; Dhaene et al., 2008) ; multivariate gamma distribution (Furman and Landsman, 2005) ; multivariate Tweedie distribution (Furman and Landsman, 2008) ; multivariate Pareto distribution (Chiragiev and Landsman, 2007) ; Farlie-Gumbel-Morgenstern copula (Barges et al., 2009 ); Farlie-Gumbel-Morgenstern copula with mixed Erlang marginals (Cossette et al., 2013) ; multivariate compound distributions (Cossette et al., 2012) ; bivariate exponential and bivariate mixed Erlang distributions (Cossette et al., 2015) .
The aim of this note is to derive expressions for the distribution of aggregate risks, its TVaR and TVaR based allocations for a comprehensive collection of bivariate distributions. We consider thirty six families of bivariate distributions each defined on (0, ∞) × (0, ∞) or (β, ∞) × (β, ∞) for some β > 0. They include mixtures of independent exponential distributions, Mirhosseini et al. (2015) 's bivariate exponential distribution, Crovelli (1973) 's bivariate exponential distribution, Gumbel's bivariate exponential distribution, Lawrance and Lewis' (1980) bivariate exponential distribution, Block and Basu (1976) 's bivariate exponential distribution, Arnold and Strauss (1991)'s bivariate exponential distribution, beta exponential distribution in equation (8.41 ) of Balakrishnan and Cai (2009) , mixtures of independent gamma distributions with integer shape parameters, mixtures of independent gamma distributions with real shape parameters, Nadarajah 
Mathematical notation
Let (X, Y ) be non-negative continuous risks with joint probability density function f (x, y). Let S = X + Y denote the aggregated risk. We are interested in: the probability density function of S given by
the cumulative distribution function of S given by
the truncated expectation of S given by
the contribution of each risk to the aggregated risk given by
where
We derive expressions for (1)-(5) for thirty six bivariate distributions.
The derived expressions given in Section 3 involve several special functions, including the gamma function defined by
the incomplete gamma function defined by
the complementary incomplete gamma function defined by
the error function defined by
the beta function defined by
the incomplete beta function defined by
the standard normal distribution function defined by
the confluent hypergeometric function defined by
the Tricomi confluent hypergeometric function defined by
the Gauss hypergeometric function defined by
the Appell hypergeometric function of the first kind of two variables defined by
and the degenerate hypergeometric series of two variables defined by
where (e) k = e(e + 1) · · · (e + k − 1) denotes the ascending factorial.
In-built routines for computing these special functions are available in packages like Matlab, Maple and Mathematica. 
The collection
Here, we give expressions for (1)-(5) for thirty six bivariate distributions. Their derivations are routine and are not presented. The detailed derivations can be obtained from the corresponding author.
Mixtures of independent exponential distributions: 
for α > 0, λ > 0, x > 0 and y > 0.
Crovelli (1973)'s bivariate exponential distribution:
Gumbel's bivariate exponential distribution:
for 0 < θ < 1, x > 0 and y > 0, where i = √ −1.
Lawrance and Lewis' (1980) bivariate exponential distribution:
for 0 < β ≤ 1, x > 0 and y > 0.
Block and Basu (1976)'s bivariate exponential distribution:
Arnold and Strauss (1991)'s bivariate exponential distribution: 
for a > 0, p > 0, q > 0, and y > x > 0.
Mixtures of independent gamma distributions with integer shape parameters:
x > 0 and y > 0, provided that α k and β k are integers.
Mixtures of independent gamma distributions with real shape parameters: 
Nadarajah and Gupta (2006)'s bivariate gamma distribution with unequal scale parameters:
Nagar and Sepulveda-Murillo (2011)'s bivariate confluent hypergeometric distribution:
for p > 0, q > 0, α > 0, β > 0, x > 0 and y > 0.
Becker and Roux (1981)'s bivariate gamma distribution:
Mohsin et al. (2013)'s bivariate gamma distribution:
for α > 0, β > 0, γ > 0, δ > 0, x > 0 and y > 0.
Cheriyan (1941)'s bivariate gamma distribution in equation (8.31) of Balakrishnan and Cai (2009):
Dussauchoy and Berland (1975)'s bivariate gamma distribution:
Mixtures of independent two piece gamma distributions: 
for p > 0, q > 0, r > 0, x > 0 and y > x + 1. f (x, y) = C (αx + 1) p (βx + γy + 1) q exp(−ry), 
for p > 0, q > 0, r > 0, x > 0 and x > y + 1.
Bivariate Liouville distribution on page 202 of Balakrishnan and Cai (2009): 
for α > 0, β > 0, γ > 0, x > 0 and y > 0.
Bivariate equilibrium distributions due to Unnikrishnan Nair and Sankaran (2014):
where g(·) is the probability density function of a univariate random variable X say and µ = E(X).
Chacko and Thomas (2007)'s bivariate Pareto distribution: 
for a > 0, β > 0, x > 0 and y > 0.
Bivariate Pareto distribution with equal scale parameters:
for α > 0, β > 0, p > 0, γ > 0, x > 0 and y > 0.
Bivariate Pareto distribution with unequal scale parameters:
Mixtures of independent Pareto distributions (Lee, 1981) : 
for α k > 0, β k > 0, γ k > 0, p k > 0, q k > 0, x > 0 and y > 0.
Generalized bivariate Pareto distribution:
f (x, y) = Cx α−1 y β−1
(1 + px + qy + rxy) for α > 0, β > 0, −∞ < γ < ∞, −∞ < δ < ∞, −∞ < θ < ∞, x > 0 and y > 0, where p = α+β −θ and q = 2βs − γ + δ − θs.
